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Abstract: 
An over-actuated control system has the advantage that it can use redundant actuators to 
reconfigure the control system and can realise fault tolerant control. In order to achieve 
improved vehicle stability and handling performance for electric vehicles with in-wheel 
steering and driving motors, the control of the vehicle body slip angle and yaw rate is actually 
an over-actuated control problem. To obtain the optimal solution for this control problem, 
this study proposes a two-level tyre force distribution control method, where the upper level 
controller calculates the desired lateral and longitudinal forces generated by friction on the 
tyre of each wheel according to the driver’s steering and driving inputs. The lower level 
controller maps the desired tyre forces into the input of each steering actuator and driving 
actuator. Unlike the linear mapping method applied in most of the current research, this study 
develops a proportional-integral (PI) controller for each actuator so that the non-linear tyre 
characteristics can be counteracted. In addition, since the PI controllers for eight actuators 
(four steering actuators and four driving actuators) have a total of 16 control gains to be 
determined, a genetic algorithm is applied to accurately determine these control gains. The 
simulation results are presented to validate the control performance of the proposed tyre force 
allocation method.  
Key words: yaw rate control, side slip angle control, optimal control allocation method, genetic 
algorithm, electric vehicle, in-wheel motors 
 
 
I. INTRODUCTION 
 
In an over-actuated control system, the number of actuators is greater than the controlled 
degree of freedom or the number of desired control targets. 
Johansen and Fossen [1] suggest that over-actuated systems are preferable because: 
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• The actuator redundancy can meet the requirements of fault tolerance and control 
reconfiguration. 
• Because of their cost, accuracy and dynamic response, a larger set of actuators can be 
used. 
• The actuators can be shared among several control systems with different objectives. 
These advantages have led to much recent research in the area of control allocation (CA). CA 
was firstly applied in the areas of aerospace and marine engineering. Oppenheimer et al. 
focused on the aerospace application of CA [2] while Fossen and Johansen proposed it for 
marine application. [3] Numerical computation-based CA, which uses various quadratic/non-
linear programming algorithms and incorporates the terms which indicate the resulting 
negative effects in the cost function, shows the advantage of fully utilised redundant actuators 
and plays an important role in over-actuated systems. [4][5] In recent years, there has been an 
increasing interest in applying CA in the automotive industry. For electric vehicles with in-
wheel steering and driving motors, the control of the vehicle body slip angle and yaw rate is 
actually an over-actuated control problem. In [6] and [7], a lateral motion controller for four 
wheel drive (4WD) and front wheel steering electric vehicles was proposed and the combined 
active front wheel steering and direct yaw moment control through in-vehicle networks with 
real-time message priority scheduling was applied in the controller. To realise the desired 
control target, the optimal torque allocation algorithm using the quadratic form as the cost 
function was adopted in [6]. This algorithm can be solved as a quadratic programming (QP) 
problem with constraints, but solving a large number of non-linear optimization problems at 
each time step is problematic due to the high computational cost. [8] To save computational 
time, Gerard et al. used a virtual control law determined offline to implement the CA method. 
[9] This study suggested that this virtual control law did not need to be explicitly solved at 
each time step, but trended in an optimal direction for a convex optimization problem. The 
adaptive CA method was also proposed to save computational time, since the CA problem 
can be solved dynamically without the necessity of finding the optimal solution at each 
sampling instant. Tjønnås and Johanson developed the adaptive CA method so that it could 
asymptotically achieve the optimal control. [10] The energy-efficient control allocation 
(EECA) method was designed for the longitudinal speed tracking control of an electric 
vehicle with two pairs of in-wheel driving motors in [11], where three different EECA 
methods, i.e., adaptive-EECA, Karush-Kuhn-Tucker (KKT)-based EECA and rule-based 
EECA were presented. Demirci and Gokasan also developed the adaptive stability control of 
a four-wheel steering (4WS)-4WD electric vehicle [12]. In Demirci and Gokasan’s paper, a 
Lagrangian neural network approach was suggested to solve the non-linear optimization 
problem using an adaptive control method, which obviated the necessity of solving the 
optimization problem explicitly in every time step. The main problem of the above-
mentioned methods is that they need to solve a very complex optimization problem. Ando 
and Fujimoto, instead, used a linear longitudinal and lateral tyre force distribution method for 
the direct yaw-moment controller, and the optimal value can be solved by the linear equation 
at every time step [13]. Suzuki et al. also proposed tyre-force distribution control for a full 
drive-by-wire electric vehicle. [14] The control target is to minimize the tyre workload and 
dissipation energy due to tyre slip. Based on the defined control targets, the desired total 
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longitudinal tyre force, total lateral tyre force and yaw moment can be achieved by 
appropriately distributing the individual tyre force of each wheel. However, the above two 
studies have the disadvantage of the linear mapping of the distributed tyre forces to the 
distributed steering actuators or traction/brake torque actuators, and this is not accurate 
because of the non-linear characteristics of the tyre.  
In this study, the desired control targets of body slip angle and yaw rate are achieved not only 
by appropriately distributing individual tyre force, but also by controlling the individual tyre 
slip ratio and slip angle through proportional-integral (PI) controllers. This means that the 
steering actuators and traction/brake actuators can be controlled in order to achieve the 
desired tyre slip ratio and slip angle. These desired values are calculated from the desired tyre 
force and non-linear Dugoff tyre model because they can accurately represent the non-linear 
tyre characteristics. It should be noted that each PI controller in the individual wheel has 4 
control gains to determine (2 for the traction/brake torque and 2 for the steering angle), while 
the whole system has 16 control gains to determine. These control gains are difficult to tune 
using trial-and-error and consequently the genetic algorithm (GA) is proposed here to 
determine these control gains as accurately as possible. 
GA originated from the computer science field of artificial intelligence, which is a type of 
search heuristics which mimics the process of natural selection. In recent years, GA was used 
for an unrelated parallel machine scheduling problem in the operational research area. [15] A 
hybrid GA with adaptive diversity management was proposed for the routing problem of a 
large class of vehicles. [16] The parallel GA and particle swarm optimization were compared 
for the path planning of the autonomous unmanned aerial vehicles. [17] To the best of our 
knowledge, however, to date there have been no studies on applying the GA to vehicle 
dynamics actuator optimal distribution control.     
This paper is organized as follows. First, the vehicle dynamics model of a 4WS/4WD electric 
vehicle is introduced. Then the non-linear tyre force optimal distribution control method is 
introduced. Finally, simulation examples are used to validate the effectiveness of the 
proposed control method. 
 
II. VEHICLE DYNAMICS MODEL 
 
2.1 Vehicle dynamics model 
In this paper, a 4WS/4WD vehicle model as shown in Figure 1 is utilised to describe the 
dynamics motion of the electric vehicle with in-wheel steering and driving motors. [18][19] 
This model is regarded as a real vehicle, and is used to validate the performance of the 
proposed tyre force control distribution method.  
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Figure 1. 4WS-4WD vehicle dynamics model, where IRC represents the instantaneous centre 
of rotation. 
 
The equations of motion of this model are described as follows: 
Longitudinal motion: 
    	
  
  
  
 
(1) 
Lateral motion: 
    	
  
  
  
 
(2) 
Yaw motion: 
  	
  
  	
  
  2 	
  
 
2 
  
 
(3) 
where  , ,   are the vehicle longitudinal velocity, lateral velocity, and yaw rate, 
respectively. 
, 
 , 
, 
 are the vehicle front left, front right, rear left and rear right 
longitudinal tyre forces, respectively, and 
, 
 , 
, 
 are the vehicle front left, front 
right, rear left and rear right lateral tyre forces, respectively.  and  are the front and rear 
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wheel base lengths, while   and   are the front and rear track widths.   and   are the 
moment of vehicle inertia in terms of yaw axis and vehicle mass. 
The tyre traction or brake force and side force are defined as 
 and 
, respectively, which 
can be related to the longitudinal and the lateral tyre forces by the steering angle  as follows: 

  
 cos   
 sin  

  
 sin   
 cos  
(4) 
where !  ", ", , , which represents the front left, front right, rear left and rear right 
wheel, respectively. 
 
2.2 Vehicle tyre model 
The non-linear Dugoff tyre model is used in this paper [20], and is described by:  
# 
$
 %1  '()*+  tan+ ./ 1  *
2)0+*+  01+ tan+ .
 
"#  2#2  #  # 4 1 1                  # 5 1 6 

  01 tan .1  * "# 

  0*1  * "# 
(5) 
where $ is the tyre-road friction coefficient. 
 is the vertical load of each wheel. 0 is the 
longitudinal cornering stiffness and 01 is the lateral cornering stiffness. * is the longitudinal 
slip ratio, and . is the lateral slip angle. ' is a constant value, and ( is the vehicle velocity 
component in the wheel plane which is defined for each wheel as:  
(  7  12 8 cos   	   sin  
(  7  12 8 cos   	   sin  
(  7  12 8 cos   	   sin  
6 
 
(  7  12 8 cos   	   sin  
(6) 
 
III. NON-LINEAR TYRE FORCE OPTIMAL DISTRIBUTION CONTROL METHOD 
 
To improve vehicle yaw stability and handling performance, two control objectives, i.e., 
keeping desired vehicle body slip angle and keeping desired yaw rate, will be targeted. As 
there are more control inputs than control objectives for a 4WS/4WD electric vehicle, it is an 
over-actuated control system and an allocation method needs to be applied. In this study, a 
two-level control allocation method [14] is proposed. According to the desired control 
targets, the upper level controller is used to determine the ideal distributed tyre force for each 
wheel and the lower level controller aims to map the desired tyre force of each wheel to the 
control command of each driving or steering actuator. Figure 2 shows the block diagram of 
the whole tyre force optimal distribution control system. 
For traditional vehicles, the driver’s steering input is directly connected to the steering wheel, 
while the driver’s acceleration pedal is linked to the throttle of the engine and the brake pedal 
is connected to the brake system. For electric vehicles with in-wheel motors, a new control 
system can be designed so that the driver is only required to determine the virtual input 
steering angle, and traction or braking torque, and the control allocation method can 
automatically control the individual actuators based on the virtual control inputs. The control 
system can guarantee the stability and handling of the vehicle. This can significantly decrease 
the driver’s workload and the vehicle dynamics performance can be improved by this 
automatic control system. 
      
 
Figure 2. Block diagram of the control allocation system. 
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3.1 Design of tyre longitudinal force and lateral force controller in the upper level 
In the upper level, a tyre force controller is designed to obtain the optimal longitudinal and 
lateral forces for each wheel according to the desired vehicle yaw rate and body side-slip 
angle. In addition, in order to avoid severe loading on an individual tyre during vehicle 
motion, the workload of each individual wheel must be minimised. 
The yaw rate control aims to improve vehicle handling. The desired yaw rate 9  can be 
calculated by [19]: 
9  	  1  :+ 
(7) 
where :   ;+	<=>?
@A<	<B>
@C<@C>   is defined as the stability factor. 01  and 01  are the front 
tyre and rear tyre cornering stiffness, which are assumed to be the same value as 01 in this 
research. It should be noted that the tyre cornering stiffness is an inherent property of the tyre 
and has been determined by various experimental tests. The corner stiffness value used in this 
study is based on a group of simulation parameters which has been tested and shown to be 
accurate [19]. Usually, the vehicle has four of the same type tyres so the cornering stiffness of 
each tyre is the same. [19][21][22]  is the vehicle longitudinal velocity, which, here, we 
assume to be known. 
Body slip angle control can improve vehicle stability and the desired body slip angle is zero 
(D9  0) [19][23]. The desired total longitudinal force 
9, total lateral force 
9 and yaw 
moment F9 can be determined based on the desired yaw rate and body slip angle as:  
F9  9                                                              (8a) 

9  	D9  9  9                                             (8b) 

9  GHIJ                                                                (8c) 
where KL is the driving input from the driver. In (8b), the total desired lateral tyre force 
9 is 
determined by 	D9  9 [14]. We have assumed that the desired body slip angle D9 is 
equal to zero and consequently the derivative of the desired body slip angle D9 also equals 
zero. Thus, 
9  is determined by 9 . In this system, the driver is only required to 
determine the virtual input steering angle  and the virtual driving torque KL. Then the upper 
level control system will automatically calculate the desired yaw rate and body slip angle, 
and consequently the desired total longitudinal force, total lateral force and total yaw moment 
can be determined.  
It should be noted that if the driver wants to maintain a constant velocity when turning, the 
desired total longitudinal force 
9 must be zero and the longitudinal vehicle velocity  in 
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equations (7) and (8) is the constant value of the initial velocity. This is because when the 
vehicle is turning at a constant velocity, the motion is a uniform circular motion. The 
longitudinal acceleration is zero, and the lateral acceleration is the centripetal acceleration in 
the uniform circular motion. Accordingly, the total longitudinal force 
9 should be zero, and 
the total lateral tyre force 
9 provides the centripetal force. This means the control system 
will automatically adjust the driving actuators to maintain zero total longitudinal tyre force 
when turning. 
In summary, the cost function of the upper level controller is defined as: 
MN  O2 P

+  
+

+ 

2 Q
9  	
  
  
  
R
+S
TN
 U2 Q
9  	
  
  
  
R
+  
9
+ VF9  7	
  
  	
  
  W<+ 	
  
  W>+ 
  
8X
+
           
(9) 
where O,,U and Y are four scaling factors which determine the weight of each term. The 
range of each scaling factor is between 0 and 1. The larger the value of the scaling factor, the 
greater the weight of the corresponding term in the cost function. In the default setting, all the 
scaling factors are assumed to be 1, since the four terms are assumed to have equal priority, 
and each value of the scaling factor can be decreased so that the corresponding term has less 
weight. When 
9 , 
9  and F9  are determined, the objective cost function (9) has eight 
variables (
  and 
 ). The minimised value can be obtained by calculating the partial 
differential of the objective function as: 
Z[\
Z]^<_  0, Z[\Z]^<>  0, Z[\Z]^>_  0, Z[\Z]̂ >>  0, Z[\Z]`<_  0, Z[\Z]`<>  0, Z[\Z]`>_  0, Z[\Z]̀ >>  0 
(10) 
Equation (10) calculates the optimal distributed tyre forces along the x and the y-axes.  
3.2 Design of tyre longitudinal slip ratio and lateral slip angle controllers in the lower 
level 
In the upper level, the desired tyre forces are obtained according to the driver’s virtual 
steering input  and virtual driving input KL. When the desired longitudinal and lateral tyre 
forces are determined, the next problem is how to most accurately map the desired tyre forces 
into the actual inputs of the steering angle and driving torque of each actuator. It should be  
noted that the driver cannot directly control the individual steering and driving actuators of 
each wheel in this study and these actual steering and driving actuators are controlled by the 
proposed two-level distribution control system. 
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Before mapping the tyre forces into the command of each individual actuator, the tyre forces 
must be mapped into the directions along the tyre (traction or brake force 
 ) and 
perpendicular to the tyre (side force 
) according to equation (4) as: 

  ]^a=]`aN=bcd ea fgh ea                                                    (11a) 

  ]`aB]^a bcd eahid ea=jkl manop ma                                                      (11b) 
Suzuki et al. used the simple linear relations between the steering angle, driving torque and 
side force 
 or traction or brake force 
 as shown in equations (12) and (13). [14]  

  0q QD  <r^  R                                                 (12a) 

  0q QD  <r^  R                                                (12b) 

  0q QD  >r^  R                                                (12c) 

  0q QD  >r^  R                                                (12d) 
K  st
                                                               (13) 
In equation (12), D is the vehicle body slip angle. 
For the linear model, however, the distributed steering and driving actuators cannot 
accurately obtain the desired tyre force when the tyre is working in the non-linear tyre region. 
Thus, new slip ratio and the slip angle controllers of each individual wheel are proposed in 
this section to deal with the non-linear characteristics of the tyre. Specifically, a PI slip ratio 
controller and a PI slip angle controller are designed for each wheel. The PI longitudinal slip 
ratio controller is defined as follows:   
  ∆K  vw*9  *  v x*9  *                                     (14) 
where ∆K is the adjusted driving torque of each wheel, which is added into the distributed 
driving torque K  obtained from the linear model (13). *  represents the actual slip ratio 
obtained from the vehicle dynamics model and *9  represents the desired slip ratio 
considering non-linear tyre characteristics. vw is the proportional control gain and v is the 
integral control gain.    
Remark 1: It should be noted that based on the theory of PID (proportional, integral, and 
derivative) controllers, the simple P controller, the PI controller and the PID controller have 
all been considered and tested in this study. Doing this, however, showed that the PI 
controller could decrease the convergence steps more efficiently than the P controller, and 
the PID controller was only marginally better than the PI controller. For these reasons, the 
PI controller is used here.   
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The PI lateral slip angle controller is presented as:  
 ∆  vqwO9  O  vq xO9  O                                  (15) 
where ∆ is the adjusted steering angle of each wheel, which is added into the distributed 
steering angle  calculated from the linear model (12). O represents the actual slip angle of 
the individual wheel obtained from the vehicle dynamics model and O9  represents the 
desired slip angle of the individual wheel when considering the non-linear tyre characteristics. 
vqw is the proportional control gain and vq is the integral control gain. 
It should be noted that the desired wheel slip angle and slip ratio are calculated by the inverse 
Dugoff tyre model (16) according to equation (5), and the actual values of the slip angle and 
the slip ratio are obtained from the vehicle dynamics model and assumed to be known in this 
study. Note that the desired slip ratio *9y and slip angle O9y at the current time instance 
need the information from previous samples *9y  1 and "#y  1. 
*9y  ]za	NB{aBN@|}BN                                                   (16a) 
O9y  tanBN ]|a	NB{aBN@C}BN                                             (16b) 
Remark 2:  Estimation of the longitudinal velocity, longitudinal slip ratio, friction coefficient 
and lateral slip angle of the vehicle has been done previously [24][25][26]. Thus, in this 
paper, the longitudinal velocity of the vehicle, the longitudinal slip ratio and lateral slip 
angle of the tyre are assumed to be known. Specifically, the individual wheel slip ratio * can 
be calculated by the following equations [27]: 
*  I~aBr^I~a         during acceleration                                 (17a) 
*  I~aBr^r^        during braking                                        (17b) 
where s is the wheel radius,   is the wheel angular velocity and  is the longitudinal 
velocity. !  ", ", , , which represents the front left, front right, rear left and rear right 
wheel, respectively. To estimate the slip ratio * , wheel angular velocity can be easily 
measured by the motor encoder of the electric vehicle and the vehicle longitudinal velocity 
can be estimated by the method proposed in [27]. Although that study only focused on pure 
longitudinal motion, a number of other studies have also proposed methods for estimating 
longitudinal velocity and lateral velocity during cornering motion. [28][29] Because this 
paper only focuses on the tyre force optimal distribution and control, the detailed slip ratio 
estimation method is not discussed here.   
The method for estimating the individual wheel slip angle is based on the measurement of 
steering current and steering angle from the individual wheel steering motor of the electric 
vehicle. According to steering current and steering angle, the individual wheel total aligning 
moment can be estimated, and finally the individual wheel side-slip angle can be estimated. 
The detailed description of this estimation method can be found in [30].  
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Figure 3 shows the whole system diagram of the longitudinal slip ratio and lateral slip angle 
PI controllers in the lower level control system, which are described by equations (12)-(16). 
When the PI controllers are applied, the controlled steering and driving actuators will interact 
with the vehicle motion according to the non-linear dynamics model.  
 
 
 
 
 
 
 
 
 
Figure 3. Block diagram of the lower level distribution control system. 
 
 
3.3 Application of GA to determine the control gains of PI controllers 
In the slip ratio and slip angle controllers, there are a total of 16 feedback control gains which 
must be determined. These control gains are difficult to find by trial-and-error. GA is applied 
here to optimally determine the control feedback gains. For the use of GA, a solution domain 
and the fitness function are required. For the proposed PI slip ratio and slip angle controllers, 
the solution domain of the control gains is defined as positive. The fitness function M+  is 
determined by the following equation: 
M+  P	:qt_q+  w_q+ 
G
T
 
(18) 
where qt_q represents the difference between the desired yaw rate and the actual yaw 
rate when the non-linear control method is applied. w_q  represents the difference 
between the desired zero body slip angle and the actual vehicle body slip angle when the non-
linear control method is applied. : and  are the scaling factors of the yaw rate error and slip 
angle error. The range of the scaling factors is between 0 and 1. The default value of : and  
Tyre force 
direction 
mapping 
equation 
(11) 

   

   
Linear mapping equation (13) 
Linear mapping equation (12) 
Vehicle non-linear 
dynamics model 
PI controller equation (14) 
K   
∆K   
+   
+   
PI controller equation (15) 
*   
Non-linear mapping equation (16a) 

   *9   
   
Non-linear mapping equation (16b) 

   
+   
+   .   
.9   
∆   
Genetic algorithm 
equation (18) 
Yaw rate error 
Slip angle error 
Control gains 
of PI controller 

, 
   
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is 1. This value can be decreased so that the corresponding term has less weight in the 
optimal cost function M+.     
Simulations of vehicle motion are conducted to calculate the fitness function and the optimal 
solution can be determined after a number of fitness functions have been calculated and 
evaluated. Specifically, based on the solution domain, the initial random populations, which 
are the control gains of the PI controllers, are generated first. The fitness of each solution is 
then evaluated based on equation (18) and the most suitable parents are selected. Then the 
child solutions are created from the selected parents using single point crossover and the 
children solutions are subjected to the crossover and mutation operations. Finally, the parent 
generation is replaced by the child generation and the evaluation cycle continues until the 
termination criterion is met and the results of control gains are determined. [17] In this study, 
the termination criterion is that either the maximum generation is reached or the tolerance of 
the fitness function is met. Figure 4 shows the whole working procedure of GA.       
 
Figure 4. Flow chart of GA.  
 
IV. SIMULATION RESULTS 
 
To test the dynamics performance of the suggested optimal non-linear control allocation 
method, numerical simulations are conducted in various vehicle moving conditions. The 
parameter values used in the simulations are listed in Table 1. First, the preliminary 
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simulations are conducted to determine the 16 control gains of the PI controllers using GA. 
Then, simulations are conducted to test the control performance under various conditions.  
Table 1. Parameter values used in simulations. 
 Mass 1298.9 kg 
 Distance of c.g. from 
the front axle 
1 m 
  Distance of c.g. from 
the rear axle 
1.454 m 
 Front track width 1.436 m 
 Rear track width 1.436 m 
0 Longitudinal stiffness 
of the tyre 
50000 
N/unit slip 
ratio 
 Vehicle moment of 
inertial about yaw 
axle 
1627 kgm2 
s Wheel radius 0.35 m 
 Wheel moment of 
inertial 
2.1 kgm2 
' Road adhesion 
reduction factor 
0.015 s/m 
01 Cornering stiffness of 
the tyre 
30000 
N/rad 
: Scaling factor of yaw 
rate error in the 
fitness function of 
genetic algorithm  
1 
 Scaling factor of body 
slip angle error in the 
fitness function of 
genetic algorithm 
1 
O Scaling factors in the 
cost function of upper 
level controller 
1 
 Scaling factors in the 
cost function of upper 
level controller 
1 
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U Scaling factors in the 
cost function of upper 
level controller 
1 
Y Scaling factors in the 
cost function of upper 
level controller 
1 
 
4.1 Preliminary simulations to determine the control gains  
In the GA, the domain of the proportional control gain is (0, 100) and the domain of the 
integral control gain is (0, 100). The population is set as 50 and the generation is 150. To 
calculate the fitness function, the conditions of the preliminary simulations must be chosen. 
These must be chosen carefully since it is expected that the control gains determined in the 
preliminary simulations can apply to the controllers used in various vehicle moving 
conditions. In this study, three sets of preliminary simulations are conducted at different 
initial longitudinal velocities in order to determine the control gains, which are 10 m/s, 12.5 
m/s and 15 m/s. Based on these three preliminary simulations, only the vehicle dynamics 
performance with the velocity between 10 m/s and 15 m/s is examined in this simulation 
section as examples. Vehicle motion with velocity beyond this range can be analysed using a 
similar approach but is not to be discussed in this paper. 
In the first preliminary simulation, the initial velocity is 10 m/s and the friction coefficient is 
0.9. The vehicle is performing a J-turn manoeuvre and the steering input is shown in Figure 5. 
 
Figure 5. Driver’s input steering angle during a J-turn manoeuvre. 
As the generation number increases, cost function M+ in equation (18) decreases, as shown in 
Figure 6. The finally determined control gains are shown in Table 2. 
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Table 2. Determined PI control gains in the first preliminary simulation  
vw 3.6991 vw 1.1656 v 2.4235 v 7.0466 vw 5.4314 vw 7.0470 v 3.7549 v 2.4243 vqw 3.5468 vqw 1.5596 vq 13.8790 vq 14.9479 vqw 6.0527 vqw 2.1615 vq 0.0567 vq 6.3381 
 
 
Figure 6. The evolution of cost function M+. 
 
In the same manner, the second and third preliminary simulations are conducted and the PI 
control gains are summarised in Tables 3 and 4. 
 
Table 3. Determined PI control gains in the second preliminary simulation 
vw 9.3171 vw 5.6386 v 8.8754 v 7.2875 vw 12.2399 vw 8.1320 v 9.9795 v 11.8256 vqw 17.4289 vqw 17.2962 vq 24.3627 vq 18.8589 vqw 0.8027 vqw 4.5018 vq 0.6040 vq 0.3321 
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Table 4. Determined PI control gains in the third preliminary simulation 
vw 3.8171 vw 4.6622 v 4.7184 v 4.6527 vw 2.4899 vw 7.2317 v 1.9046 v 3.1343 vqw 4.6789 vqw 9.6797 vq 1.0952 vq 13.8589 vqw 5.2920 vqw 4.3330 vq 6.9648 vq 0.0103 
 
Figure 7 shows the total control error as it changes with the vehicle velocity by using three 
different groups of control gains in the simulation of simple J-turning. The steering input of 
the simulation is the same as Figure 5. The total control error is actually the value of fitness 
function M+ which is defined in equation (18). According to Figure 7, the three groups of PI 
controller gains can all control the vehicle yaw rate and body slip angle well when the 
velocity is between 10 m/s and 15 m/s. However, each specific group of control gains is 
better at controlling performance within a specific range of vehicle velocity. The PI control 
gains in Table 2 can achieve the best control performance between 10 m/s and 11.5 m/s. The 
control gains in Table 3 and Table 4 can achieve the best control performance during the 
velocity range 11.5 13.5  m/s and 13.5 15  m/s respectively. During the transition 
between any two adjacent velocity ranges, the abrupt change of control gains may deteriorate 
the control performance. To prevent this kind of problem, the interpolation method can be 
used. For example, during the transition velocity around 11.5 m/s, the total transition range is 
assumed to be 0.5 m/s (from 11.25m/s to 11.75 m/s) and the control gains used in the 
transition period can be calculated as follows: 
vG  11.75  0.5 vN 
  11.250.5 v+ 
(19) 
where vG is the group of control gains used in the transition period. vN and v+ are groups of 
control gains given in Table 2 and Table 3 respectively. 
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Figure 7. The total control error with respect to vehicle velocity and control gains. 
 
4.2 Simulation results of the control allocation method    
Once the control gains of the PI controllers have been determined, the optimal non-linear 
vehicle dynamics controller with the optimal control gains can be tested under various 
driving conditions.  
First, the vehicle performs a J-turn at an initial velocity of 15 m/s. The PI control gains in 
Table 4 can be used and the friction coefficient is 0.9. The driver’s input steering angle is the 
same as in Figure 5. The vehicle yaw rate response and body slip angle response are shown in 
Figures 8 and 9, respectively. For the purpose of comparison, the simulation result of the 
linear optimal control allocation method using equations (12) and (13) is also presented. The 
simulation performance is also presented when no optimal tyre force distribution method is 
applied. When no tyre force controller is applied, the driver’s input steering angle is directly 
applied to the two front wheels of the vehicle and the driver’s input driving torque is equally 
distributed to the two rear wheels, which is similar to the traditional front wheel steer and rear 
wheel drive vehicle.  
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Figure 8. The vehicle yaw rate response in the J-turn simulation. 
 
Figure 9. The vehicle body slip angle in the J-turn simulation. 
 
According to Figures 8 and 9, the linear tyre force distribution method performs well in 
controlling the body slip angle, but the yaw rate response is compromised. This is because the 
linear method assumes a linear vehicle dynamics relationship, and the non-linear tyre 
characteristic is neglected. To achieve the desired tyre force, a larger slip angle or slip ratio of 
the individual wheel is required if the non-linear tyre characteristic is considered. Thus, the 
output yaw rate obtained from the linear method is smaller than the desired value because a 
smaller individual slip ratio and slip angle is achieved. The non-linear method considers the 
non-linear tyre characteristic and consequently the yaw rate achieves the desired value. The 
body slip angle response in the non-linear method is equal to that achieved in the linear 
method, but, as explained above, the yaw rate performance of the non-linear method is far 
better.   
 
Figure 10. The total lateral tyre force in the J-turn simulation. 
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Figure 11. The yaw moment in the J-turn simulation. 
In Figures 10 and 11, the non-linear method proposed in this study can achieve the desired 
total lateral tyre force and yaw moment. According to equations 8(a) and 8(b), if the desired 
total lateral tyre force and yaw moment are achieved, the desired yaw rate and body slip 
angle can be achieved, as shown in Figure 8 and Figure 9. When the linear method is applied, 
the total lateral tyre force and yaw moment cannot reach the desired value because of the 
non-linear tyre characteristic. This means that the desired yaw rate cannot be achieved. This 
is shown in Figure 8. It should be noted that there is a small difference between the total 
lateral force and yaw moment controlled by the non-linear method and the desired values at 2 
seconds, as shown in Figures 10 and 11, and this causes the small difference between the yaw 
rate controlled by the non-linear method and the desired value in 2 seconds in Figure 8. In 
Figures 12 and 13, the individual wheel slip angle controller and the slip ratio controller are 
proved to successfully achieve the desired values in the non-linear method.  
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Figure 12. The individual wheel side-slip angle in the J-turn simulation controlled by the non-
linear method: (a) front left wheel (b) front right wheel (c) rear left wheel (d) rear right wheel. 
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Figure 13. The individual wheel slip ratio in the J-turn simulation controlled by the non-linear 
method: (a) front left wheel (b) front right wheel (c) rear left wheel (d) rear right wheel. 
The second simulation is the lane change motion. The initial vehicle velocity is changed to 10 
m/s and the PI control gains in Table 2 are used. The friction coefficient is the same as 
simulation 1. The driver’s input steering angle is shown in Figure 14.  
 
Figure 14. Driver’s steering input in the lane change simulation.  
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Figure 15. The vehicle yaw rate response in the lane change simulation.  
 
Figure 16. The vehicle body slip angle in the lane change simulation. 
Figures 15 and 16 show the simulation results of yaw rate and body slip angle. We can see in 
Figures 15 and 16 that the linear method and non-linear method both have good performance 
in terms of yaw rate and body slip angle control. In Figure 15, the non-linear method can 
achieve accurate yaw rate control, but the yaw rate control performance of the linear method 
is a little compromised. It is noted that the vehicle body slip angle control performance of the 
non-linear method is not as good as the linear method in Figure 16. This is because the PI 
control gains used in the simulation of Figure 16 are determined based on the J-turn 
manoeuvre at 10 m/s as given in Table 2. Although the simulation of Figure 16 is for the lane 
change motion, the compromised control performance is acceptable and the control gains 
determined in the J-turn manoeuvre are proved to successfully apply to the lane change 
motion under the same vehicle velocity condition. 
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Figure 17. The total lateral tyre force in the lane change simulation. 
 
Figure 18. The vehicle yaw moment in the lane change simulation. 
 
Figures 17 and 18 suggest that the non-linear method has the better performance of achieving 
the desired total lateral tyre force and yaw moment compared with linear method, which 
proves to have better yaw rate control performance in Figure 15. It is noted that the controlled 
yaw moment of non-linear method between 16 and 18 seconds in Figure 18 has small 
disturbance, which causes the increased body slip angle controlled by the non-linear method 
around 16 seconds in Figure 16. Figures 19-20 show that the desired individual wheel slip 
angle and slip ratio can be well tracked using the non-linear method.   
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Figure 19. The individual wheel slip angle in the lane change simulation controlled by the 
non-linear method: (a) front left wheel (b) front right wheel (c) rear left wheel (d) rear right 
wheel. 
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Figure 20. The individual wheel slip ratio in the lane change simulation controlled by the 
non-linear controller: (a) front left wheel (b) front right wheel (c) rear left wheel (d) rear right 
wheel. 
 
The third simulation is the combined traction and steering motion. The initial velocity of the 
vehicle is 10 m/s and the control gains in Table 2 are used. The friction coefficient is still 0.9. 
The driver is still performing the J-turn manoeuvre, but the acceleration pedal is also pushed 
simultaneously. The input steering angle is the same as Figure 5 and the input driving torque 
is shown in Figure 21. 
 
Figure 21. The input driving torque during the combined driving and steering motion. 
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Figure 22. The vehicle yaw rate response during the combined driving and steering motion.   
 
Figure 23. The vehicle body slip angle response during the combined driving and steering 
motion. 
Figure 22 and Figure 23 show the vehicle yaw rate and body slip angle responses. The 
desired yaw rate is increased, since the driver’s input traction torque is applied and vehicle 
longitudinal velocity is increased. The non-linear method can achieve the desired yaw 
moment and yaw rate. For the linear method, the distributed tyre slip angle is larger than the 
desired value, which causes the larger distributed lateral force and yaw rate. For the no 
controller applied situation, the yaw rate response does not increase with time but even 
decreases. This is because even when traction torque is applied, the increased longitudinal 
velocity caused by the increased driving force cannot overcome the decreased velocity caused 
by the vehicle turning without the distribution of the controlled tyre force. In addition, the 
linear method and non-linear method both have the good control performance of body slip 
angle.  
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Figure 24 and Figure 25 show that non-linear method achieve good control performance of 
total lateral tyre force and yaw moment, which leads to the good control performance of yaw 
rate and body slip angle. The linear method has larger distributed total lateral tyre force and 
the consequently yaw rate control performance is compromised. Figures 26-27 also 
demonstrate that the desired individual wheel slip angle and slip ratio can be achieved using 
the non-linear method. 
 
 
Figure 24. The vehicle total lateral tyre force during the combined driving and steering 
motion. 
 
Figure 25. The vehicle yaw moment during the combined driving and steering motion. 
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Figure 26. The individual wheel slip angle controlled by the non-linear method during the 
combined driving and steering motion: (a) front left wheel (b) front right wheel (c) rear left 
wheel (d) rear right wheel. 
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Figure 27. The individual wheel slip ratio of the vehicle controlled by the non-linear method 
during the combined driving and steering motion: (a) front left wheel (b) front right wheel (c) 
rear left wheel (d) rear right wheel. 
 
The split surface road condition can be referred to the split of road surface between front and 
rear parts of the vehicle [31] or the split of road surface between the left and right wheels of 
the vehicle [32]. To examine the simulation performance under the condition of the split of 
road surface between front and rear of the vehicle, the friction coefficient is assumed to be 
changed from 0.9 to 0.7 at 5 seconds in the third simulation. The simulation responses of yaw 
rate and body slip angle in Figures 28 and 29 prove that the desired vehicle dynamics 
performance can be well achieved. Alternatively, to evaluate the control performance under 
the condition of the split of road surface between the left and right wheels of the vehicle, the 
friction coefficient of the left wheel is assumed as 0.9 and the friction coefficient of the right 
wheel is 0.7. The simulation results in Figure 30 and 31 suggest that the proposed non-linear 
controller can achieve the good yaw rate and body slip angle responses, although the yaw rate 
response is a little compromised due to the split surface.    
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Figure 28. The vehicle yaw rate response during the combined driving and steering motion 
under split surface road condition – the split of road surface between front and rear of the 
vehicle. 
 
Figure 29. The vehicle body slip angle response during the combined driving and steering 
motion under split surface road condition – the split of road surface between front and rear of 
the vehicle. 
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Figure 30. The vehicle yaw rate response during the combined driving and steering motion 
under split surface road condition – the split of road surface between left and right wheels. 
 
Figure 31. The vehicle body slip angle response during the combined driving and steering 
motion under split surface road condition – the split of road surface between left and right 
wheels. 
 
The root mean square (RMS) errors of the yaw rate response and body slip angle response 
(compared with desired yaw rate and slip angle) of both linear and non-linear methods are 
summarised in Table 5 and Table 6. In Table 5, the linear method has worse yaw rate 
tracking performance compared with the no-controller-applied situation in most of the 
simulations. This is because in the linear method, the desired lateral tyre forces are achieved 
by linear mapping of the steering angles, and the distributed steering angles are different from 
the desired ones due to the non-linear tyre characteristics. Due to this error, the RMS yaw rate 
error of the linear method is relatively large. In the no-controller-applied situation, the 
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required steering angles are directly applied to the two front wheels of the vehicle and 
consequently the RMS error is relatively small compared with the linear method. In the case 
of non-linear controller, the desired tyre forces can be achieved by taking into consideration 
the non-linear tyre characteristics and this results in a much better yaw rate tracking 
performance compared with the linear control and no-controller-applied situations. From 
Table 6, it can be seen that both linear and non-linear methods have good body slip angle 
control performance compared with the no-controller-applied situation. This proves that the 
desired body slip angle can be tracked well when the desired tyre forces are achieved using 
the non-linear method. 
    
Table 5. The RMS errors of yaw rate by different methods.  
 No controller applied Linear distribution 
method 
Non-linear 
distribution method 
Simulation 1 0.0184 0.0598 0.0018 
Simulation 2 0.0078 0.0107 0.0020 
Simulation 3 0.0096 0.0196 8.1896  10BS 
Simulation 3 
Split of road surface 
between the front and 
rear parts of vehicle 
0.0069 0.0084 6.2269  10BS 
Simulation 3 
Split of road surface 
between left and right 
wheels 
0.0272 0.0164 0.0091 
 
Table 6. The RMS errors of body slip angle by different methods. 
 No controller applied Linear distribution 
method 
Non-linear 
distribution method 
Simulation 1 0.0102 8.3032  10BS 3.4437  10BS 
Simulation 2 0.0230 0.0019 0.0032 
Simulation 3 0.0211 0.0024 0.0027 
Simulation 3 
Split of the road surface 
between front and rear 
parts of vehicle 
0.0211 0.0037 0.0027 
Simulation 3 
Split of road surface 
between left and right 
wheels 
0.0211 0.0030 0.0033 
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V. CONCLUSION 
 
This study proposes a two-level tyre force distribution and control method for yaw rate and 
body slip angle control. The upper level controller obtains the desired lateral and longitudinal 
tyre force of each individual wheel according to the driver’s virtual steering and virtual 
driving inputs. Then, the lower level controller maps the desired tyre forces into the 
individual steering actuator and driving actuator. Unlike the linear mapping used in the 
traditional method, this study develops the PI controller of the individual actuator. 
Specifically, when the desired individual tyre force is known, the desired longitudinal slip 
ratio and lateral slip angle can first be calculated by the inverse Dugoff tyre model. Then the 
PI controller is implemented to control the individual actuator according to the difference 
between the desired slip angle (slip ratio) and the actual one. The control gains of PI 
controllers are determined by a GA. The simulation results verify that: 
1) In all the simulations of the J-turn, lane change and combined traction and J-turn 
manoeuvres, the non-linear method considers the non-linear tyre characteristic and 
consequently the controlled yaw rate and body slip angle track the desired values more 
accurately.   
2) The RMS errors of the yaw rate and body slip angle responses in all the simulations also 
suggest that the non-linear method has good yaw rate and body slip angle tracking 
performance.  
3) PI control gains can be determined offline in the preliminary simulations. During the 
actual vehicle motion, these PI control gains are already available for various vehicle velocity 
conditions. According to the velocity range of a particular vehicle, the corresponding group 
of PI control gains is selected. These PI control gains are robust in a simple J-turn motion, 
lane change motion and combined steering and driving motion (on the split surface road) 
within a certain range of vehicle velocity, as have been proven in the simulations. If there is a 
large change in vehicle velocity, the pre-determined PI control gains can be quickly switched. 
4) The GA is proved to successfully determine a large number of control gains 
simultaneously at reasonable computation cost. Since the GA is the optimal search method in 
the area of artificial intelligence, it has a faster convergence rate and a lower computational 
cost than the conventional mathematical optimisation method.   
5) The individual wheel slip ratio and slip angle PI controllers can successfully achieve the 
whole vehicle body slip angle and optimal yaw rate control. This suggests that when the 
desired slip ratio and slip angle of individual wheels are achieved by the lower level PI 
controllers, the desired individual tyre force, yaw rate and body slip angle in the upper 
controller can be achieved. In this way, the two-level control system proposed in this study 
can successfully achieve the desired control targets. 
Individual tyre force distribution and control is an over-actuated control problem. To fully 
utilise the redundant actuators, in future, the fault tolerant control and energy efficiency 
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control could also be included in the proposed distribution control method. The proposed 
control method will also need to be tested on a real electric vehicle with independent steering 
and driving to verify the simulation results.               
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